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1. Introduction
Let Fm be the fermat curve xm + ym = zm of degree m > 1 defined over a finite field
of characteristic p > 0. Throughout this paper we denote by q = pf the smallest positive
integral power of p such that q ≡ 1 (mod m). Let Fq be the finite field with q elements.
Then the zeta function Z(Fm/Fq, t) of Fm over Fq can be expressed in terms of Jacobi
sums. In order to give a precise form of Z(Fm/Fq, t), let
A1m = {(a, b, c) ∈ (Z/mZ \ {0})3 | a + b + c = 0} .
Fix a prime ideal p of the cyclotomic field Q(ζm) lying above p. Let
(
p
)
m
denote the m-th
power residue symbol with respect to p. For each α = (a, b, c) ∈ A1m define the Jacobi
sum Jα by
Jα =
∑
x,y∈F×q
x+y=1
(
x
p
)a
m
(
y
p
)b
m
and put
Pm(T ) =
∏
α∈Am
(1 + JαT ) .
Then the zeta function Z(Fm/Fq, T ) has the following form
Z(Fm/Fq, T ) = Pm(T )
(1 − T )(1 − qT ) . (1)
It is a classical fact that |Jα| = √q for any α ∈ A1m, which is a special case of the Weil
conjecture. Moreover, if pi ≡ −1 (mod m) for some integer i then Jα = √q for any
α = (a, b, c) ∈ A1m such that GCD(a, b, c,m) = 1.
The Jacobi sum Jα is said to be pure if J kα is a real number for some positive integer
k. Since the absolute value of any conjugate of Jα equals √q, Jα is pure if and only if
Jα = ζ√q for some root of unity ζ . We say that Fm is supersingular if Jα is pure for any
α ∈ A1m. It is known that Fm is supersingular if and only if pi ≡ −1 (mod m) for some
integer i.
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For each α = (a, b, c) ∈ A1m, we define Fα to be the projective curve in P2 defined by
vm = (−1)cua(1 − u)b .
The genus of Fα is given by
gα := m − (m, a) − (m, b) − (m, c)2 + 1 .
Let
[α] = {t · α | t ∈ Z/mZ, t · α ∈ A1m} .
Then the cardinality of [α] is m − (m, a) − (m, b) − (m, c) + 2 = 29α. Let
Pα =
∏
β∈[α]
(1 + JβT ) .
Then the zeta functions of Fα/Fq is given by
Z(Fα/Fq, T ) = Pα(T )
(1 − T )(1 − qT ) . (2)
It follows from (2) that Fα is supersingular if and only if Jβ is pure for any β ∈ [α].
If α = (a, b, c) ∈ A1m and t ∈ Z we define t · α to be (ta, tb, tc) ∈ (Z/mZ)3.
Then t · α ∈ A1m if and only if ta ≡ 0, tb ≡ 0, tc ≡ 0 (mod m). For two elements
α = (a, b, c), α′ = (a′, b′, c′) ∈ A1m we write α ≈ α′ if {a, b, c} = {a′, b′, c′}, and α ∼ α′
if α ≈ t · α′ for some t ∈ (Z/mZ)×. It is clear from the definition that if α ≈ α′ then
Jα = Jα′ .
THEOREM 1.1. Let α ∈ A1m. Then Fα is supersingular if and only if one of the
following conditions holds.
(i) pi ≡ −1 (mod m) for some integer i.
(ii) α ∼ (1,−pi, pi − 1) for some integer i such that d := (pi − 1,m) > 1 and
pj ≡ −1 (mod m/d) for some integer j .
The statements of Theorem 1.3, Theorem 1.4, Theorem 1.5 in our previous paper [10]
were not correct. The phrase “Fα is supersingular” in those theorems should be “Jα is
pure”.
We should remark that if m is a power of an odd prime number then the two conditions
of Theorem 1.1 are equivalent. However, it is not the case if m is divisible by at least two
prime numbers.
We now consider the polynomial
P ∗α (T ) =
∏
t∈(Z/mZ)×
(1 + Jt ·αT ) .
Then deg P ∗α (T ) = 2gα and P ∗α (T ) has integral coefficients. Moreover P ∗α (T ) is a factor of
Pα(T ) corresponding to the primitive part of Fα with respect to the cyclic covering Fα →
P
1 associated with the rational function u on Fα . In this paper we prove the following.
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THEOREM 1.2. Let m = l1l2, where l1 and l2 are distinct prime numbers such that
li > 3. Let f1 and f2 be the order of p modulo l1 and l1, respectively. Let α = (1, a, b) ∈
Am and assume that Jα is pure. Then at least one of a, b is prime to m and the following
assertions hold.
(i) If (m, a) = (m, b) = 1 then f1 ≡ f2 (mod 2), say, f1 is odd and f2 is even.
Then f2 = l2 − 1 or f2 = l2−13 , and the following holds.
(1) If f2 = l2 − 1 then f1 = 1 or 3 and l32 ≡ 1 (mod l1). If, in addition, if
f1 = 3 or l2 ≡ 1 (mod l1) then {1, a, b}H is a subgroup of order 3f in
(Z/mZ)×, where H is the subgroup of (Z/mZ)× generated by the class of
p. In this case we have
P ∗α (T ) = (1 + q1T )(l1−1)(l2−1) .
(2) If f2 = l2−13 then f1 = 1 and {1, a, b}H is a subgroup of order 3f in
(Z/mZ)× and we have
P ∗α (T ) =
⎧
⎪⎨
⎪⎩
(1 + q1T )(l1−1)(l2−1) if l
q−1
l1
2 ≡ 1 (modp) ,
Φl1(−q1T )l2−1 if l
q−1
l1
2 ≡ 1 (modp) ,
where Φl1(T ) denotes the l1-th cyclotomic polynomial.
(ii) If (m, a) = 1 and (m, b) = l1, say, then one of the following two cases occur.
(1) f1 = 1, f2 = l2 − 1, l2 ≡ 1 (mod l1).
(2) α = (1,−pi, pi − 1) for an integer i such that pi ≡ 1 (mod l1). In the
both cases we have
P ∗α (T ) = (1 + q1T )(l1−1)(l2−1) .
2. Preliminaries
Let m > 1 be a fixed integer. We define Rm to be the free abelian group over Z/mZ \
{0}. We write an element α of Rm as
α =
∑
a∈Z/mZ\{0}
ca(a) (ca ∈ Z) .
For simplicity we write (a1, · · · , ar) for (a1) + · · · + (ar). For any two elements
α =
∑
ca(a), α
′ =
∑
c′a(a) ∈ Rm ,
we define the product αβ as follows:
αβ =
∑
b =0
(
∑
aa′=b
cac
′
a′
)
(b) ,
where the second sum is over the pairs (a, a′) such that aa′ = b. This gives rise to a ring
structure on Rm.
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For any a ∈ Z/mZ \ {0}, let 〈 a
m
〉
denote the rational number such that 0 <
〈
a
m
〉
< 1
and m
〈
a
m
〉 ≡ a (mod m). If α = ∑ ca(a)Rm then we put
‖α‖ =
∑
ca
〈 a
m
〉
.
Let
Am =
{
∑
a
ca(a) ∈ Rm
∣
∣
∣∣
∣
∑
a
caa = 0
}
.
Note that ‖α‖ ∈ Z for any α ∈ Am.
We let (Z/mZ)× act on Rm by the following rule: If t ∈ (Z/mZ)× and α = ∑ ca(a) ∈
Rm then
t · α =
∑
ca(ta) .
We define Dm to be the Z/mZ-submodule of Rm generated by (1,−1). Thus Dm
consists of elements of Rm of the form
(a1,−a1, . . . , ar ,−ar) − (b1,−b1, . . . , bs,−bs)
with some a1, . . . , ar, b1, . . . , bs ∈ Z/mZ \ {0}. It is then easy to see that Dm is contained
in Bm. Indeed this follows from the relation
‖(a,−a)‖ = 1 .
Let νp = (1, p, . . . , pf−1) ∈ Rm. The following two subsets of Rm will be funda-
mental in the study of purity problem of Jacobi sums.
Bm = {α ∈ Rm | ‖t · α‖ = ‖α‖ (∀t ∈ (Z/mZ)×)} ,
B1m(p) = {α ∈ A1m | ανp ∈ Bm} .
In other words an element (a, b, c) ∈ A1m belongs to B1m(p) if and only if
f−1∑
j=0
(〈
tpj a
m
〉
+
〈
tpj b
m
〉
+
〈
tpj c
m
〉)
= 3f
2
(∀t ∈ (Z/mZ)×) . (3)
In order to investigate the structure of Bm, for each divisor d|m we define a map
τd : Z/mZ \ {0} −→ Rm/d
by
τd(a) =
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
ϕ(m)
ϕ(m′)
⎛
⎜⎜
⎝
∏
l|d/(m,a)
pm/d
(1,−l−1)
⎞
⎟⎟
⎠ (a
′) (if (m, a)|d) ,
0 (if (m, a)  d) ,
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where m′ = m/(m, a), a′ = a/(m, a). We extend this to a map τd : Rm −→ Rm/d by
setting
τd
(∑
a
ca(a)
)
=
∑
a
τd(a) .
The significance of the map τd can be seen from Proposition 2.1 below. To state it,
let C(m) be the character group of (Z/mZ)× and let C−(m) be the set of odd chracters
in C(m). Here we say that χ ∈ C(m) is odd if χ(−1) = −1. If χ ∈ C(m) and α =∑
ca(a) ∈ Rm, we put
χ(α) =
∑
a
caχ(a) .
Let PC−(m) be the set of primitive odd characters of (Z/mZ)×.
PROPOSITION 2.1. An element α ∈ Rmbelongs to Bm if and only if χ(τd(α)) = 0
for any χ ∈ PC−(m/d) and for any d|m.
Proof. See [2]. 
If l is a prime divisor of m and la ≡ 0 (mod m), we define the standard element
σl,a = σ (m)l,a by
σl,a =
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩
(
a, a + m
d
, a + 2m
d
, . . . , a + (l − 1)m
l
,−la
)
(l > 2) ,
(
a, a + m
2
, −2a, m
2
)
(l = 2) .
PROPOSITION 2.2. If la ≡ 0 (mod m) then σl,a ∈ Bm.
Proof. See [2]. 
More generally, for elements x1, . . . , xr ∈Z/mZ with lxi ≡ 0 (mod l) (i = 1, . . . , r),
we define
σl,(x1,...,xr ) =
r∑
i=1
σl,xi .
3. Jacobi sums and Gauss sums
Let Fp be the finite field of p elements. Let m > be an integer. Let f be the order
of p modulo m and put q = pf . Let p be a prime ideal of Q(ζm) lying above p and let(
p
)
m
denote the m-th power residue symbol: For any integer x of Q(ζm) not divisible by
p,
(
x
p
)
m
is the unique m-th root of unity such that
(
x
p
)
m
≡ x q−1m (mod p) .
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Recall the definition of the Jacobi sum Jα = Jα(p):
Jα = Jα(p) =
∑
x,y∈F×q
x+y=1
(
x
p
)a
m
(
y
p
)b
m
= 1
q − 1
∑
x,y,z∈F×q
x+y+z=0
(
x
p
)a
m
(
y
p
)b
m
(
z
p
)c
m
.
PROPOSITION 3.1. If pi ≡ −1 (mod m) for some integer i then Jα = ±√q for
any α ∈ A1m.
Proof. Although this is well known, we give a proof for the sake of the reader. First,
we remark that the Jacobi sum Jα is in the decomposition field of p in Q(ζm). The Galois
group of Q(ζm)/Q is isomorphic to (Z/mZ)× and the decomposition group of p is gen-
erated by the class of p in (Z/mZ)×. The assumption on p then implies that Jα is a real
number. But since JaJα = q , we have J 2α = q and the proposition immediately follows. 
Conversely, it is known that if Jα is pure for all α ∈ A1m then pi ≡ −1 (mod m) for
some integer i. Therefore we obtain the following
COROLLARY 3.2. Fm is supersingular if and only if pi ≡ −1 (mod m) for some
integer i.
The following proposition shows that B1m(p) plays an important role in the study of
pure Jacobi sums.
PROPOSITION 3.3. Let α = (a, b, c) ∈ A1m. Then the Jacobi sum Jα is pure if and
only if α ∈ B1m(p).
Proof. See [21]. 
Proof of Theorem 1.1. It follows from Proposition 3.3 that Fα is supersingular if and
only if ανp (mod d) ∈ Bd for any divisor of d of m. By Proposition 2.1 this is equivalent
to requiring that χ(ανp) = 0 for any χ ∈ C−(m). But this holds if and only if ανp ∈ Dm.
If pk ≡ −1 (mod m) for some integer k. Then νp ∈ Dm, and hence ανp ∈ Dm. Suppose
pk ≡ −1 (mod m) for any integer k. Then one can easily see that α = (1,−pi, pi − 1)
for some integer i. In this case we have
ανp = (1,−1)νp + (pi − 1)νp .
Therefore (pi−1)νp ∈ Dm, or equivalently νp (mod m/d) ∈ Dm/d , where d = (m, pi−1).
This implies that pj ≡ −1 (mod m/d) for some integer j . Conversely if this condition is
satisfied then (1,−pi, pi − 1)νp ∈ Dm. This proves the theorem. 
We define the Gauss sum by
ga(m, p) =
∑
x∈F×p
(
x
p
)a
m
ζTr(x)p ,
where ζp = e
2πi
p and Tr : Fq → Fp denotes the trace map. For simplicity we write g(m, p)
for g1(m, p). Then it is known that |ga(m, p)| = √q . We say that ga(m, p) is pure if
ga(m, p)k = √qk for some positive integer k.
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When m = 2 then K = Q and p = (p). The exact value of g(2, (p)) was first
determined by Gauss:
g(2, (p)) =
{√
p p ≡ 1 (mod. 4) ,
i
√
p p ≡ 3 (mod. 4) .
Therefore the Gauss sum g(2, (p)) is always pure for any odd prime p.
It is well known that the Gauss sum g(m, p) is pure if there exists an integer i such
that
pi ≡ −1 (mod m) . (4)
To be more precise, note that if Condition (4) is satisfied then f is even and pf/2 ≡ −1
(mod m). Stickelberger ([28]) showed that
g(m, p) =
{
−√q if m is even and pf/2+1
m
is odd ,√
q otherwise .
Conversely, if m is a prime power then Condition (4) is necessary for the Gauss sum
g(m, p) to be pure ([7]). This is, however, false in general.
More generally, for α = ∑ ca(a) ∈ Rm we put
gα(p) =
∏
a
ga(m, p)ca .
PROPOSITION 3.4. Notation being as above, we have
Jα(p) = 1
q
gα(p) .
4. Gauss sums and the p-adic Γ function
Let p be a prime number. As p-adic analogues of the classical gamma function, in
[16] Morita defined a p-adic Γ -function Γp : Zp → Z×p : For any positive integer n, let
Γp(n) = (−1)n
∏
0<j<n
(p,j)=1
j .
Morita showed that Γp extends uniquely to a continuous function on Zp.
Gross and Koblitz proved that there is a beautiful relation between the Gauss sum
gα(p) and the p-adic Γ -function. To state it for any β = (b1, . . . , br ) ∈ Am let
1
m
β =
(〈
b1
m
〉
p
, . . . ,
〈
br
m
〉
p
)
,
where for b ∈ Qp we denote by 〈b〉p the unique element in [0, 1) ∩ Q such that 〈b〉p ≡ b
(mod Zp).
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THEOREM 4.1 (Gross-Koblitz). If α ∈ Am then
gα(p) = (−p)‖ανp‖Γp
(
1
m
ανp
)
in Kp .
Proof. See [19, Theorem 1.12]. 
COROLLARY 4.2. If α ∈ B1m(p) then
Jα = (−p)f/2Γp
(
1
m
ανp
)
. (5)
In particular, Γp
( 1
m
ανp
)
is a root of unity for any α ∈ B1m(p).
Proof. If α ∈ B1m(p) then ‖ανp‖ = 3f/2. Hence formula (5) is an immediate
consequence Proposition 3.4 and Theorem 4.1. The second statement then follows from
(5) and the fact that Jα/pf/2 is a root of unity for any α ∈ B1m(p). 
As is well known, the classical gamma function satisfies the functional equation
Γ (x)Γ (1 − x) = π
sin πx
. (6)
An analogue of this formula is proved by Gross and Koblitz ([19]). To state it, let l(x) be
the unique element in {1, . . . , p} such that |x − l(x)|p < 1 if p > 2 and l(x) = the 2-adic
integral part of x+22 .
THEOREM 4.3. If x ∈ Zp then the function Γp(x) satisfies the following functional
equation
Γp(x)Γp(1 − x) = (−1)l(x) .
Proof. See [19, Lemma 2.3]. 
Besides the functional equation (6) there is another type of functional equation for
Γ (x) proved by Gauss:
n−1∏
i=0
Γ
(
x + i
n
)
= (2π)
n−1
2
nx− 12
Γ (x) .
Since Γ (1/2) = (2π)1/2, the above formula can be rewritten as
n−1∏
i=0
Γ
(
x + i
n
)
= Γ (1/2)
n−1
2
nx− 12
Γ (x) . (7)
Gross and Koblitz proved a formula for the p-adic Γ function which is an analogue of the
Gauss multiplication formula.
THEOREM 4.4. Assume 0 < x < 1 and (q − 1)x ∈ Z. Let ω be the Teich-
müller character on Z×p . Then for a = (x/d, (x + 1)/d, . . . , (x + d − 1)/d) − (x) −
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(1/d, 2/d, . . . , (d − 1)/d) we have
f−1∏
j=0
Γp(a
(pj )) = ω(d(q−1)x) .
Proof. See [19, Theorem 3.1]. 
Coleman [15] gave a refinement of this formula, which can be regarded as a direct
analogue of (7). To state it, we need some notation. For (a0, a1) ∈ Zp ×Z and x ∈ Z×p , put
xa = (xp−1)a0xa1 ∈ Z×p .
Note that
xa ≡ xa1 (mod p) .
We consider Z as a subgroup of Zp × Z embedded diagonally. Finally, for x ∈ Qp, we set
A(x) = (A0(x),A1(x)) =
(
x − 1
p
−
〈
x − 1
p
〉
p
, p
〈
x − 1
p
〉
p
)
.
THEOREM 4.5. Let n be positive integer such that (n, p) = 1. For x ∈ Zp we have
n−1∏
i=0
Γp
(
x + i
n
)
= (−1)
rnΓp(1/2)2〈(n−1)/2〉
nA(x)
Γp(x) ,
where rn = ∑1≤j<n/2 l(j/n).
Proof. See [15, Theorem 10]. 
For an odd divisor n of m, let
σ (m)n,a =
(
a, a + m
n
, a + 2m
n
, . . . , a + (n − 1)m
n
,m − na
)
∈ Am .
PROPOSITION 4.6. Let n be an odd divisor of m and a an integer such that 0 <
na < m. Then
Γp
(
1
m
σ(m)n,a
)
= (−1) p+12 · n−12 +rn+l(na/m)n−A(na/m) .
Proof. Note that
1
m
σ(m)n,a =
(
a
m
,
a
m
+ 1
n
,
a
m
+ 2
n
, . . . ,
a
m
+ n − 1
n
, 1 − na
m
)
.
If we put x = na
m
in the formula of Theorem 4.5, we obtain an equality
n−1∏
i=0
Γp
(
a
m
+ i
n
)
= (−1)rnn−A(na/m)Γp
(
1
2
)2
〈
n−1
2
〉
Γp
(na
m
)
.
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Therefore
Γp
(
1
m
σ(m)n,a
)
=
n−1∏
i=0
Γp
(
a
m
+ i
n
)
· Γp
(
m − na
m
)
= (−1)rnn−A(na/m)Γp
(
1
2
)2
〈
n−1
2
〉
Γp
(na
m
)
Γp
(
1 − na
m
)
.
Since n is odd, we have 2
〈
n−1
2
〉 = n − 1. Hence
Γp
(
1
2
)2
〈
n−1
2
〉
=
{
Γp
(
1
2
)2}
n−1
2
= (−1) p+12 · n−12 .
Moreover by Theorem 4.3 we have
Γp
(na
m
)
Γp
(
1 − na
m
)
= (−1)l(na/m) .
Therefore
Γp
(
1
m
σ(m)n,a
)
= (−1) p+12 · n−12 +rn+l(na/m)n−A(na/m) .
This completes the proof. 
THEOREM 4.7. Let n be an odd divisor of m such that m′ := m/n > 1. Assume
that p ≡ 1 (mod m′). Let a be an integer such that a ≡ 0 (mod m′). Then
Γp
(
1
m
σ(m)n,a
)
≡ ±
(
nn
p
)a
m
(mod p) .
Proof. It suffices to prove the theorem for a such that 0 < na < m. First note that
n−A(a/m′) ≡ n−A1(a/m′) (mod p)
and
A1(a/m
′) = p
〈 a
m′ − 1
p
〉
p
.
Hence
−A1(a/m′) = −p
〈 a
m′ − 1
p
〉
p
≡ p − 1 − p
〈 a
m′ − 1
p
〉
p
(mod p − 1)
= −1 + p
(
1 −
〈 a
m′ − 1
p
〉
p
)
= −1 + p
〈
−
a
m′ − 1
p
〉
p
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= −1 + p
〈1 − a
m′
p
〉
p
= −1 + p
〈
1 + p−1
m′ a
p
〉
p
= −1 + 1 + p − 1
m′
a
= p − 1
m′
a .
It follows that
n−A(a/m′) ≡ np−1m′ a ≡
(
n
p
)a
m′
(mod p) .
Since
(
n
p
)
m′ =
(
nn
p
)
m
, we obtain a congruence relation
n−A(a/m′) ≡
(
nn
p
)a
m
(mod p) .
Therefore
Γp
(
1
m
σ(m)n,a
)
≡ ±
(
nn
p
)a
m
(mod p) .
This completes the proof. 
COROLLARY 4.8. If Γp
( 1
m
σ
(m)
n,a
)
is a root of unity for α = (a1, . . . , ar ) ∈ Rm then
Γp
(
1
m
σ(m)n,α
)
= ±
(
nn
p
)a1+···+ar
m
.
In particular, if α ∈ Am then Γp
( 1
m
σ
(m)
n,α
) = ±1.
Proof. If Γp
( 1
m
σ
(m)
n,a
)
is a root of unity then the congruence of Theorem 4.7 is an
equality since p > 2. 
5. A formula for certain chracter sums
Here we recall [10, Theorem 5.1] assuming that (m, 6) = 1 for simplicity.
Let l be a prime number such that l > 3 and e a positive integer. We define two
subgroups V1(le), V2(le) of (Z/leZ)× as follows.
V1(l
e) = {x ∈ (Z/leZ)× | x ≡ ±1 (mod le)} ,
V2(l
e) = {x ∈ (Z/leZ)× | xn(le) ≡ ±1 (mod le)} ,
where
n(le) =
{
(l − 1)/2 (e = 1) ,
l (e > 1) . (8)
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Thus V2(l) = (Z/lZ)× and if e > 1 then
V2(l
e) = {x ∈ (Z/leZ)× | xl ≡ ±1 (mod le)} .
Let m = m1 . . . mr be the prime power factorization of m, where mi = leii is a power of a
prime number li such that (mi,mj ) = 1 (i = j). Define the subgroups V1(m), V2(m) of
(Z/mZ)× by
V1(m) = V1(m1) × · · · × V1(mr) ,
V2(m) = V2(m1) × · · · × V2(mr) .
Let E(m) = {±1}r , and define two subsets E+(m) and E−(m) of E(m) by
E+(m) = {(ε1, . . . , εr) ∈ E(m) | ε1 · · · εr = 1} ,
E−(m) = {(ε1, . . . , εr) ∈ E(m) | ε1 · · · εr = −1} .
It is clear from the definition that #E(m) = 2r and
#E+(m) = #E−(m) = 2r−1 .
For each e = (ε1, . . . , εr) ∈ E(m) we define
PCe(m) = PCε1(m1) × · · · × PCεr (mr) ,
where PCεi (mi) denotes PC+(mi) or PC−(mi) according as εi = 1 or −1.
For a ∈ (Z/mZ)×, let
ξ(a) = 1
#E−(m)
∑
e∈E−(m)
1
#PCe(m)
∑
χ∈PCe(m)
χ(a) .
To give an explicit formula for ξ(a), we need some notations. Let
I1 = {i ∈ {1, . . . , r} | ei = 1} ,
I2 = {i ∈ {1, . . . , r} | ei > 1} .
For a ∈ V2(m), define subsets I (a) ⊂ I1, I2(a) ⊂ I2 by
I1(a)= {i ∈ I1 | a ∈ V1(li )}
= {i ∈ I1 | a ≡ ±1 (mod li)} ,
I2(a)= {i ∈ I2 | a ∈ V2(leii ) \ V1(leii )}
= {i ∈ I2 | al ≡ ±1 , a ≡ ±1 (mod leii )} .
Furthermore, let a˜ denote the unique element of V1(m) such that
a˜ ≡
{
a (mod mi) (i ∈ I1(a) ∪ I2(a))
ani (mod mi) (i ∈ I1(a) ∪ I2(a)) ,
where ni = n(mi) is the integer defined in (8). Put
δ(a) =
∏
i∈I1(a)
li =
∏
ei=1
a ≡±1 (mod li )
li .
Let c(a) be 2 or 1 according as m = δ(a) or not.
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THEOREM 5.1. For any a ∈ (Z/mZ)× we have
ξ(a) =
⎧
⎪⎨
⎪⎩
c(a)χ0(a˜)
∏
i∈I1(a)
−1
li − 3
∏
i∈I2(a)
−1
li − 1
(
if a ∈ V2(m), a˜ ≡ ±1 (mod m/δ(a))
and PC−(m/δ(a)) = ∅
)
0 (otherwise) ,
where χ0 is an arbitrary character in PC−(m/δ(a)).
As an immediate consequence of Theorem 5.1 we obtain the following
COROLLARY 5.2. If m = l1 · · · lr is a product of r distinct prime numbers l1, . . . , lr
with li > 3 then for any a ∈ (Z/mZ)× we have
ξ(a) =
⎧
⎪⎨
⎪⎩
χ0(a)
∏
i∈I1(a)
−1
li − 3
(
if a ≡ ±1 (mod m/δ(a))
and PC−(m/δ(a)) = ∅
)
0 (otherwise) ,
where χ0 is an arbitrary character in PC−(m/δ(a)).
Proof. Note that V2(m) = (Z/mZ)× and I2(a) = ∅. If δ(a) = m then
PC−(m/δ(a)) = PC−(1) = ∅. Hence ξ(a) = 0. Suppose δ(a) = m. Then c(a) = 1. If,
in addition, a ≡ ±1 (mod m/δ(a)) then a˜ ≡ a (mod m/δ(a)). Therefore the assertion of
the corollary follows from Theorem 5.1. 
6. The case of r = 2
As a special case, consider the case where m = l1l2 is a product of distinct prime
numbers such that l1, l2 > 3. Then I2(a) = ∅ for any a ∈ (Z/mZ)× and
I1(a) =
⎧
⎪⎪⎨
⎪⎪⎩
∅ if a ≡ ±1 (mod l1) and a ≡ ±1 (mod l2) ,
{1} if a ≡ ±1 (mod l1) and a ≡ ±1 (mod l2) ,
{2} if a ≡ ±1 (mod l1) and a ≡ ±1 (mod l2) ,
{1, 2} if a ≡ ±1 (mod l1) and a ≡ ±1 (mod l2) .
According to these four cases we have δ(a) = 1, l1, l2 or l1l2.
PROPOSITION 6.1. Let m be as above. Then for any a ∈ (Z/mZ)× we have
ξ(a) =
⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
κ if a ≡ κ (mod l1l2) with κ = ±1 ,
−χ1(a)
l2 − 3 if a ≡ ±1 (mod l1) and a ≡ ±1 (mod l2) ,
−χ2(a)
l1 − 3 if a ≡ ±1 (mod l1) and a ≡ ±1 (mod l2) ,
0 if a ≡ ±1 (mod l1) and a ≡ ±1 (mod l2) ,
where χi is a generator of C(li).
For any integer n we define n by
n =
{
n/2 (if n is even) ,
n (if n is odd) .
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Let
J1(a) = {i | api ≡ ±1 (mod l1)} ,
J2(a) = {i | api ≡ ±1 (mod l2)} .
COROLLARY 6.2. Let i be an integer such that 0 ≤ i < f . Then
ξ((a)pi) =
⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
κ (if a ∈ κH with κ = ±1) ,
−χ1(ap
i0)
l2 − 3 (if a ∈ H˜ and i0 ∈ J1(a)) ,
−χ2(ap
j0)
l1 − 3 (if a ∈ H˜ and j0 ∈ J2(a)) ,
0 (if J1(a) = ∅ and J2(a) = ∅) .
Proof. This is an immediate consequence of Proposition 6.1. 
PROPOSITION 6.3. Suppose both of f1 and f2 are even. Let a ∈ (Z/mZ)×. Then
ξ((a)νp) =
{
κ (if pf/2 ≡ −1 (mod m) and a ∈ κH , κ = ±1) ,
0 (otherwise) .
Proof. First suppose that a ∈ H . Then (a)νp = νp. Corollary 6.2 then implies that
ξ((a)νp) = 1 − 1
l2 − 3
∑
i≡0 (mod f 1 )
i ≡0 (mod f 2 )
χ1(p
i) − 1
l1 − 3
∑
i≡0 (mod f 2 )
i ≡0 (mod f 1 )
χ2(p
i)
= 1 − 1
l2 − 3
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∑
i≡0 (mod f 1 )
χ1(p
i) −
∑
i≡0 (mod f 1 )
i≡0 (mod f 2 )
χ1(p
i)
⎫
⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
− 1
l1 − 3
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∑
i≡0 (mod f 2 )
χ2(p
i) −
∑
i≡0 (mod f 2 )
i≡0 (mod f 1 )
χ2(p
i)
⎫
⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
= 1 .
If a ∈ −H then ξ((a)νp) = −ξ(νp).
Next suppose that a ∈ H˜ . Let J1(a),J2(a) be as in (9). Then
ξ((a)νp) = − 1
l2 − 3
∑
i∈J1(a)
χ1(ap
i) − 1
l1 − 3
∑
i∈J2(a)
χ2(ap
i) .
Note that if i ∈ J1(a) then i + f 1 ∈ J1(a) and χ1(api) + χ1(api+f

1 ) = 0. Hence
∑
i∈J1(a)
χ1(ap
i) = 0 .
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Quite similarly
∑
i∈J2(a)
χ2(ap
i) = 0 .
Therefore ξ((a)νp) = 0. This completes the proof. 
PROPOSITION 6.4. If f1 is odd and f2 is even then
ξ((a)νp) =
⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
κ
(
1 + f
f

2
· 1
l2 − 3 −
f
f1
· 1
l2 − 3
)(
if pf/2 ≡ −1 (mod m) and
a ∈ κH with κ = ±1
)
,
− f
f1
· χ1(ap
i0)
l2 − 3
(
if pf/2 ≡ −1 (mod m), a ∈ H˜ and
api0 ≡ ±1 (mod l1) for some i0
)
,
0 (otherwise) .
Proof. Suppose pf/2 ≡ −1 (mod m). Then by Corollary 6.2 we have
ξ(pi) =
⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
1 (i = 0),
− 1
l2 − 3 (i ≡ 0 (mod f

1 ) , i ≡ 0 (mod f 2 )) ,
− 1
l1 − 3 (i ≡ 0 (mod f

1 ) , i ≡ 0 (mod f 2 )) ,
0 (otherwise) .
Hence
ξ(νp) = 1 − 1
l2 − 3
∑
i≡0 (mod f 1 )
i ≡0 (mod f 2 )
1 − 1
l1 − 3
∑
i≡0 (mod f 2 )
i ≡0 (mod f 1 )
χ2(p
i)
= 1 − 1
l2 − 3
(
f
f1
− f
f

2
)
− 1
l1 − 3
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∑
i≡0 (mod f 2 )
χ2(p
i) −
∑
i≡0 (mod f 2 )
i≡0 (mod f 1 )
χ2(p
i)
⎫
⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
= 1 − 1
l2 − 3
(
f
f1
− f
f

2
)
.

PROPOSITION 6.5. Suppose f1 is odd and f2 is even. If the equality
1 + f
f

2
· 1
l2 − 3 −
f
f1
· s
l2 − 3 = 0 (9)
holds for some integer s with s ≤ 3 then the following five cases can occur.
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Case f1 f2 s Condition on l2 d
(i) 1 l2 − 1
s
1, 2, 3 l2 ≡ 1 (mod s) 1
(ii) 3 l2 − 1 3 l2 ≡ 1 (mod 3) 3
(iii) l2 l2 − 1 3 no condition 1
(iv) l2 + 1
2
l2 − 1 2 l2 ≡ 1 (mod 4) 1
(v) l2 + 3
4
l2 − 1
2
3 l2 ≡ 1 (mod 8) 1
Proof. Let d = (f1, f2). Then f = f1f2d . Hence
f
f

2
= 2f1
d
,
f
f1
= f2
d
.
The left hand side of (9) then equals
1 + f
f

2
· 1
l2 − 3 −
f
f1
· s
l2 − 3 = 1 +
2f1
d(l2 − 3) −
sf2
d(l2 − 3)
=
2(f1 − d) − f2
{
s − d(l2−1)
f2
}
d(l2 − 3) .
Hence (9) is equivalent to the condition
2(f1 − d) = f2
{
s − d(l2 − 1)
f2
}
. (10)
Since d is a divisor of f1, we have d ≤ f1.
First, consider the case where d = f1. Then (10) implies that
s = f1(l2 − 1)
f2
.
It follows that s = 1, 2, or 3 and f1|s. Since f1 is odd, this shows that f1 = 1 or 3. These
two cases corresponds to Case (i) and Case (iiii), respectively.
Next, consider the case where d < f1. Then
d ≤ d(l2 − 1)
f2
< s ≤ 3 .
This implies that d = 1 and l2−1
f2
= 1 or 2. Hence f2 = l2 − 1 or l2−12 . If f2 = l2 − 1 then
s = 2 or 3 and (10) reduces to the equality
2(f1 − 1) = (l2 − 1)(s − 1) .
It follows that f1 = l2+12 or f1 = l2 according as s = 2 or s = 3. These two cases
corresponds to Case (iv) and Case (iii), respectively.
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On the other hand, if f2 = l2−12 then s = 3 and (10) reduces to the equality
2(f1 − 1) = l2 − 12 .
Therefore f1 = l2+34 and this corresponds to Case (v). This completes the proof. 
7. Determination of B1m(p) for m = l1l2
For an element α = (a1, a2, a3) ∈ A1m with GCD(a1, a2, a3,m) = 1, let
N1(α) = #{i | (m, ai) = 1} .
Let H = {1, p, p2, . . . , pf−1} be the subgroup of (Z/mZ)× generated by the class of p,
and let H˜ be the subgroup of (Z/mZ)× generated by the classes of −1 and p.
LEMMA 7.1. If N1(α) = 3 then one of f1 and f2 is odd and the other is even.
Proof. Since f is even, at least one of f1 and f2 is even. Suppose both of f1 and f2
are even. If a, b ∈ H˜ then Proposition shows that ξ(ανp) = 1, which is a contradiction.
Hence at least one of a, b belongs to H˜ . If a ∈ H˜ and b ∈ H˜ then
ξ(ανp) =
{
2 (a ∈ H)
0 (a ∈ −H)
Hence a ∈ −H , so
ανp = (1,−1, b)νp = (1,−1)νp + (b)νp .
This implies that νp ∈ Bm. But then we have ξ(νp) = 1, which is a contradiction. There-
fore one of f1 and f2 must be odd. 
THEOREM 7.2. Let m = l1l2 be a product of distinct prime numbers l1, l2 > 3. Let
α = (1, a, b) be such that ανp ∈ Bm. Then N1(α) = 3 or 2.
(i) If N1(α) = 3 then f1 ≡ f2 (mod 2), say f1 is odd and f2 is even. Then
f2 = l2 − 1 or f2 = l2−13 , and the following statements holds.
(1) If f2 = l2 − 1 then f1 = 1 or 3 and l32 ≡ 1 (mod l1). If, in addition,
f1 = 3 or l2 ≡ 1 (mod l1) then {1, a, b}H is a subgroup of order 3f in
(Z/mZ)×. In this case we have
ανp = σl2,α − (l2,−l2)α .
(2) If f2 = l2−13 then f1 = 1 and {1, a, b}H is a subgroup of order 3f in
(Z/mZ)× and we have
ανp = σl2,1 − (l2,−l2) .
(ii) If N1(α) = 2, say l1 = (m, b), then one of the following two cases occur.
(1) f1 = 1, f2 = l2 − 1, l2 ≡ 1 (mod l1), and
ανp = σl2,α − (l2,−l2)α .
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(2) α = (1,−pi, pi − 1) for an integer i such that pi ≡ 1 (mod l1). In this
case we have
ανp = (1,−1)νp + (pi − 1)νp .
Before giving the proof of the theorem we need some lemmas.
LEMMA 7.3. Suppose f1 is odd and f2 is even. Then either f2 = l2 − 1 or f2 =
l2−1
3 .
Proof. Let χi be a generator of C(li) and put χ = χf11 χf22 . If f2 < l2 − 1 then
χ ∈ PC−(m) and χ(p) = 1. Therefore χ(α) = 0. Lemma then shows that χ3(α) = 0.
This implies that χ3 ∈ PC−(m). This holds if and only if f2 = l2−13 . Hence the lemma
holds. 
LEMMA 7.4. Let n be a positive integer and e a divisor of n. Let ζ be a root of unity
of order e. Then
TrQ(ζn)/Q(ζ ) =
μ(e)n
e
∏
p| ne
pe
(
1 − 1
p
)
,
where μ(e) denotes the Möbius function.
Proof.
TrQ(ζn)/Q(ζ )=
∑
1≤t≤n
(t,n)=1
ζ t =
∑
1≤t≤n
( ∑
d |(t,n)
μ(d)
)
ζ t
=
∑
d |n
μ(d)
∑
1≤t≤n
d|t
ζ t =
∑
e|d |n
μ(d) · n
d
=
∑
k| ne
μ(ek) · n
ek
= μ(e)n
e
∑
k| ne
(k,e)=1
μ(k)
k
= μ(e)n
e
∏
p| ne
pe
(
1 − 1
p
)
This proves the lemma. 
COROLLARY 7.5. Let n, e be positive integers such that e|n and Q(ζe) = Q(ζn).
Then
TrQ(ζn)/Q(ζe) = μ(e) .
Proof. The assumption implies that either n = e or n = 2e, and e is odd in the latter
case. The assertion then directly follows from Lemma 7.4. 
LEMMA 7.6. Let ζ, ζ ′ be roots of unity such that 1 + ζ + ζ ′ = 0. Then ζ, ζ ′ are
primitive cubic roots of unity and ζ ′ = ζ 2
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Proof. The assumption implies that Q(ζ ) = Q(ζ ′). Let e (resp. e′) be the order of ζ
(resp. ζ ′). Then
ϕ(e) = ϕ(e′) = [Q(ζ ) : Q] .
Corollary 7.5 implies that TrQ(ζ )/Q(ζ ) = μ(e) and TrQ(ζ )/Q(ζ ′) = μ(e′). Therefore
0 = TrQ(ζ )/Q(1 + ζ + ζ ′) = ϕ(e) + μ(e) + μ(e′)
This is possible only when ϕ(e) = 2 and μ(e) = μ(e) = −1. Hence e = e′ = 3. Thus
ζ and ζ ′ are primitive cubic roots of unity. Since 1 + ζ + ζ ′ = 0, ζ ′ must be ζ 2. This
completes the proof. 
Proof of Theorem 7.2. That the case N1(α) = 1 cannot occur is proved in [20] and
[7], so N1(α) = 2 or N1(α) = 3.
(i) If N1(α) = 3 then we have
0 = ξ(ανp) = ξ(νp) + ξ((a)νp) + ξ((b)νp) .
First, consider the case where a, b ∈ H˜ . If x ∈ κH with κ = ±1 then we put hx = κ .
Then
ξ(ανp) = hξ(νp) ,
where h = 1 + ha + hb ∈ {−1, 1, 3}. Since ξ(ανp) = 0 and h = 0, we have ξ(νp) = 0.
Therefore
1 + f
f

2
· 1
l2 − 3 −
f
f1
· 1
l2 − 3 = 0 .
It then follows from Proposition 6.5 that f1 = 1 and f2 = l2 − 1. Hence
νp = σ (m)l2,1 − (l∗2 ,−l2) ,
where l∗2 denotes the element of Z/mZ such that
l∗2 ≡
{
1 (mod l1) ,
0 (mod l2) .
Since ανp ∈ Bm and
ανp ≡ hνp (mod Dm)
= hσ (m)l2,α − h(l∗2 ,−l2) ,
we have (l∗2 ,−l2) ∈ Bm. Therefore l2 ≡ 1 (mod l1), so
ανp = σ (m)l2,α − (l2,−l2)α .
Next, consider the case where a ∈ H˜ and b ∈ H˜ . If a ∈ H then
ανp = (1, 1, b)νp .
Since χ((1, 1, b)) = 0 for any χ ∈ PC−(m), we have χ(νp) = 0 for any χ ∈ PC−(m).
Hence ξ(νp) = 0. Therefore as in the above case we have f1 = 1 and f2 = l2 − 1. Since
ανp = σ (m)l2,α − (1, 1, b)(l∗2 ,−l2) ,
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we have (1, 1, b)(l∗2 ,−l2) ∈ Bm. This implies that l2 ≡ 1 (mod l1) and we have the same
conclusion as above.
On the other hand, if a ∈ −H then
ανp = (1,−1, b)νp ≡ νp (mod Dm) .
Therefore νp ∈ Bm. A similar argument as above shows that we have the same conclusion
as above.
Finally, consider the case where a ∈ H˜ and b ∈ H˜ . Define an integer s by
s = 1 +
{
χ1(ap
i0) (J1(a) = ∅)
0 (J1(a) = ∅) +
{
χ1(bp
j0) (J1(b) = ∅)
0 (J1(b) = ∅) ,
where for i = 1, 2 χi denotes an arbitrary generator of C(li). Then −1 ≤ s ≤ 3, so
0 = ξ(ανp) = 1 + f
f

2
· 1
l2 − 3 −
f
f1
· s
l2 − 3 .
Therefore Proposition 6.5 shows that f2 = l2 − 1, l2−12 or l2−13 .
Suppose first that f2 = l2 − 1. If J1(a) = ∅ then a ∈ H˜ , which is a contradiction.
Hence J1(a) = ∅ and similarly J1(b) = ∅. Therefore s = 1, and f1 = 1 by Proposition
6.5. Cinsidering τl2(ανp), we have
(1,−l−12 )(α (mod l1)) ∈ Dl1 .
This implies that either
• l2 ≡ 1 (mod l1), or
• l31 ≡ 1, l2 ≡ 1 (mod l1), l1 ≡ 1 (mod 3) and {1, a, b}H is a subgroup of order
3f .
These two cases leads to (i) and (ii), respectively.
Suppose next that f2 = l2 − 1. If s = 2 then either f1 = 1 or f2 = l2−12 . If we put
χ = χ1χf22 then χ ∈ PC−(m) and χ(p) = 1. Hence χ(α) = 0. But since χ3 ∈ PC−(m),
we have χ3(α) = 0, which is impossible.
If s = 3 then by Proposition 6.5 we have either
• f1 = 1, f2 = l2−13 , or
• f1 = l2+34 , f2 = l2−12 .
The second case cannot occur in the quite same reason as above. In the first case, for any
odd integer i with 0 < i < l1 − 1 we have χ := χi1χf22 ∈ PC−(m) and χ(p) = 1.
Hence χ(α) = 0 and so χ(a) ∈ μ3 \ {1}. Therefore χi1(a) ∈ μ3 for any odd integre i with
0 < i < l1 − 1, which is possible only when χ1(a) = 1 and χf22 (a) ∈ μ3 \ {1}. Thus
a ≡ 1 (mod l1) and the order of a (mod l2) is l2 − 1. It follows that {1, a, b} (mod l1) is
a subgroup of (Z/l1Z)× and
ανp = σl2,1 − (l∗2 ,−l2) .
Considering τl2 , we have
τl2(ανp) =
l2 − 1
3
(1,−l−12 )α ∈ Dl1 .
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Since a ≡ 1 (mod l1), this shows that l2 ≡ 1 (mod l1). Therefore l∗2 = l2 and
ανp = σl2,1 − (l2,−l2) .
(ii) Suppose N1(α) = 2. First, consider the case where both f1 and f2 are even.
If a ∈ H˜ then ξ(ανp) = ξ(νp) = 1, which is a contradiction. Suppose a ∈ H˜ . If
a ∈ H then νp(1, a) = 2νp. Hence ξ(ανp) = 2, which is a contradiction.
If a ∈ −H then a ≡ −pi (mod m) for some i and we have α = (1,−pi, pi − 1).
Since (b,m) = l1, we have pi ≡ 1 (mod l1).
Next, consider the case where f1 is odd and f2 is even. If a ∈ H˜ then
ξ(ανp) = 1 + f
f 
· 1
l2 − 3 −
f
f1
· s
l2 − 3 ,
where
s = 1 +
{
χ1(api0) (J1(a) = ∅, i0 ∈ J1(a)) ,
0 (J1(a) = ∅)
Then s = 0, 1 or 2, so Proposition 6.5 shows that f1 = 1 and either f2 = l2 − 1 or
(l2 − 1)/2. If f2 = l2 − 1 then νp = σ (m)l2,1 − (l∗2 ,−l2). Note that a ≡ −1 (mod l1) since
l1|b. Hence
(1, a)(l∗2 ,−l2) = (1,−1)(l2,−l2) ∈ Dm .
Moreover, (b)σ (m)l2,1 ∈ Dm and (b)(l∗2 ,−l2) = 0. Therefore
ανp = σ (m)l2,α − (1,−1)(l2,−l2) = σ
(m)
l2,α
− (l2,−l2)α ∈ Bm .
On the other hand, if f2 = (l2 − 1)/2 then χ = χ1χf2 ∈ PC−(m) and χ(p) = 1.
Hence χ(α) = 0, so 1 + χ(a) = 0. Since a ≡ −1 (mod l1), we have χ1(a) = −1,
so χ(a) = −χf22 (a). Hence af2 ≡ 1 (mod l2). It follows that a ∈ −H , which is a
contradiction.
Now, consider the case where a ∈ H˜ . If a ∈ H then
ανp = (1, 1, b)νp .
Hence ξ(νp) = 0. It follows from Proposition 6.5 that f1 = 1, f2 = l2 − 1. Hence p ≡ 1
(mod l1) , so a ≡ 1 (mod l1). But then b ≡ 0 (mod l1), which is a contradiction. On the
other hand, if a ∈ −H then
α = (1,−pi, pi − 1)
for some integer i such that pi ≡ 1 (mod l1). This completes the proof. 
8. Proof of Theorem 1.2
We begin with the following lemma.
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LEMMA 8.1. Let l be an odd prime factor of m such that l  m/l. Let m′ = m/l and
put α′ = α (mod m′). Let λ be a prime ideal of Q(ζm) lying above l. If l ≡ pi (mod m′)
for some i ∈ Z then
Jα ≡ Jα′ (mod λ) .
Proof. Let s be an integer such that ls ≡ 1 (mod m′). Then for any ζ ∈ μm we have
ζ l
s ≡ ζ (mod λ) .
It follows that
(
x
p
)ls−1
m′
=
(
x
p
)ls
m
≡
(
x
p
)
m
(mod λ) .
This inparticular implies that
Jls−1·α′ ≡ Jα (mod λ) . (11)
Indeed we have
Jls−1·α′ =
∑
x,y∈F×q
x+y=1
(
x
p
)ls−1a
m′
(
y
p
)ls−1b
m′
≡
∑
x,y∈F×q
x+y=1
(
x
p
)a
m
(
y
p
)b
m
(mod λ)
= Jα .
Since Jp·α′ = Jα′ and l ≡ pi (mod m′) for some i ∈ Z, we have
Jls−1·α′ = Jpi(s−1)·α′ = Jα′ .
The congruence (11) then shows that
Jα ≡ Jα′ (mod λ) .

Proof of Theorem 1.2. Theorem 1.2 follows from Theorem 7.2, the lemma above
applied to the case where m = l1l2 and l = l1, and the fact that jα(mod l2) = √g .
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